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ABSTRACT 

In this research, a mathematical model is constructed to scrutinize the 

transmission patterns of monkeypox (mpox), with a specific emphasis on 

integrating the early detection of infected undetected individuals to curb its 

transmission. This research takes into account a range of factors influencing the 

propagation of monkeypox, encompassing population demographics, contact 

dynamics, and the efficacy of early detection of unidentified infected individuals. 

Employing the next-generation matrix method, the basic reproduction 

number(𝑅0) is computed, revealing that the disease-free equilibrium state is 

locally asymptotically stable when(𝑅0 < 1). This suggests that containment of 

monkeypox is achievable within a human populace where (𝑅0) remains below 

one (1), yet it transitions to an endemic state when (𝑅0) exceeds this critical value 

one (1). Furthermore, a sensitivity analysis is conducted to evaluate the robustness 

of our findings to variations in model parameters. Utilizing numerical simulations 

conducted via MAPLE 18, we demonstrate the significance of prompt 

identification and immediate intervention for infected individuals who may 

otherwise go undetected, in effectively diminishing the dynamic propagation of 

monkeypox. The results underscore the pivotal role of early detection in 

mitigating monkeypox outbreaks and curtailing transmission rates. 

 

INTRODUCTION 

Orthopoxviruses present a significant global health 

concern, with Monkeypox (mpox) emerging as a 

prominent infectious disease (WHO, 2023). Initially 

identified in the Democratic Republic of the Congo 

around 1970 (Brown & Leggat, 2023; Jezek, 1988). 

Monkeypox has sporadically surfaced in West Africa 

(clade II) and Central and East Africa (clade I) (Brown & 

Leggat, 2023; Bunge et al., 2022). An outbreak in the 

United States in 2003 was attributed to the introduction 

of wild animals (clade II) (CDC, 2003; Larkin, 2003). 

Since 2005, the Democratic Republic of the Congo has 

consistently reported thousands of suspected cases 

annually (Hoff et al., 2017; WHO, 2023). 

The Monkeypox outbreak initiated in Nigeria in 2017, 

with over 226 confirmed cases and 550 suspected cases 

reported by 2021(McCollum et al., 2023). Between 2018 

and 2021, eight confirmed cases linked to travel from 

Nigeria were reported in other countries (McCollum et 

al., 2023). The monkeypoxvirus is classified into clade I 

and clade II, with clade I emerging in Sudanese locations 

for the first time (WHO, 2023). Symptoms typically 

include fever, swollen lymph nodes, and rash, but severe 

complications like encephalitis and myocarditis can occur 

(Alarcónn et al., 2023; Adler et al., 2022; Brown & 

Leggat, 2023; Mitjà et al., 2023; Markewitz et al., 2023; 

Nguyen et al., 2023). Notably, pregnancy-related 

infections can lead to miscarriage or stillbirth (WHO, 

2022). 

Smallpox vaccinations have shown efficacy in preventing 

Monkeypox cases, with newer vaccines offering 

enhanced safety (WHO, 2022). During outbreaks, 
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countries have administered third-generation smallpox 

vaccines like MVA-BN and LC16-KMB, previously 

unused in affected African nations (Priyamvada et al., 

2022). Field research on these vaccines has been ongoing 

in the Democratic Republic of the Congo, where 

monkeypox cases have been steadily rising (Priyamvada 

et al., 2022). 

Mathematical modeling has proven to be a valuable tool 

in understanding and predicting the dynamics of disease 

spread. Many researchers have utilized mathematical 

equations to model the transmission and progression of 

various diseases (Peter et al., 2020, Nguyen et al., 2021, 

Adesanya et al., 2016a; 2016b, Adewale et al., 2015a; 

2015b; 2015c; 2016a; 2016b; Olopade et al., 2021a; 

2021b;2017; 2016a; 2022, Akinwumi et al., 2021; 

Philemon et al., 2023. Adesola et al 2024a; 2024b, Ajao 

et al., 2023;Adeniran et al., 2023; Doty et al. 2017) 

The exploration of pox-like dynamics associated with the 

monkeypox virus draws its foundation from the 

comprehensive study conducted by (Bhunu 

&Mushayabasa 2011). This seminal work serves as the 

bedrock for subsequent transmission analyses, providing 

invaluable insights into the intricate mechanisms 

underlying the spread of the virus. Building upon this 

groundwork, Bhunu et al.,(2009) presented compelling 

evidence showcasing the potential for disease eradication 

across both human and non-human primate populations 

through strategically planned treatment interventions. 

Their findings underscore the importance of proactive 

measures in controlling and ultimately eliminating the 

threat posed by the monkeypox virus. 

(Usman & Adamu, 2017) study delves deeper into the 

dynamics of the monkeypox virus within both human 

hosts and rodent reservoirs. Through meticulous stability 

analyses, they elucidate the behavior of the virus within 

these populations, shedding light on critical factors 

influencing its transmission dynamics. In addition to 

these pivotal studies, researchers such as (Philemon et al., 

2023;TeWinkel 2019; Somma et al. 2019; Bankuru et al., 

2020; and Olumuyiwa et al. 2021). Each of these 

contributions adds a unique perspective to the broader 

discourse on monkeypox 

The primary objective of this study is to develop a 

comprehensive mathematical model that integrates the 

detection of infected undetected infectious individuals 

into the dynamics of monkeypox transmission. By 

incorporating this crucial aspect into our model, we aim 

to delve deeper into understanding and quantifying the 

impact of detecting undetected infected individuals on the 

containment and mitigation of monkeypox spread. 

In summary, the manuscript follows a structured 

approach, beginning with a detailed model formulation, 

followed by mathematical analysis, presentation of 

results and discussions and conclusions. 

 

MATERIALS AND METHODS 

Model Formulation 

It is assumed that individuals contract the monkeypox 

infection through contact with infectious rodents, 

undetected infectious humans, and detected infectious 

humans at rates 𝛽1, 𝛽2and 𝛽3respectively. Further details 

on parameters can be found in Table 2. The model is 

structured into two populations: human and rodent. The 

human population is further categorized into five 

compartments: i.e. 𝑆ℎSusceptible human,𝐸ℎ Exposed 

human, 𝐼ℎ𝑢infected human undetected, 𝐼ℎ𝑑 infected 

human detected and𝑅ℎ recovered human. The rodent 

population is divided into two compartments:𝑆𝑟  

susceptible rodent and𝐼𝑟  Infected. Thus, we present seven 

nonlinear differential equations with mass action 

incidence rates as follows: 
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Figure 1:  Schematic Diagram of the M-Pox Model. 

 

Where the forces of infection induced by infectious rodent to susceptible human, infected undetected human to 

susceptible human, detected infectious human to susceptible human and infectious rodent to susceptible rodents are 

given below respectively; 

𝜆ℎ =
(𝛽1𝐼𝑟 + 𝛽2𝐼ℎ𝑢 + 𝛽3𝐼ℎ𝑑)

𝑁ℎ

, 𝜆𝑟 =
𝛽4𝐼𝑟
𝑁𝑟

 
For better analysis; 
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Where𝐾1 = (𝜅ℎ + 𝜇ℎ), 𝐾2 = (𝜏ℎ + 𝜇ℎ + 𝛿ℎ),𝐾3 = (𝛼ℎ + 𝜇ℎ + 𝛿ℎ)

  

Table 1: Variable descriptions 

VARIABLE DESCRIPTIONS 

𝑆ℎ Susceptible humans 

𝐸ℎ Exposed humans 

𝐼ℎ𝑢 Undetected Infected humans 

𝐼ℎ𝑑  Undetected Infected humans 

𝑅ℎ Recovered humans 

𝑆𝑟  Susceptible rodents 

𝐼𝑟  Infected rodents 
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Table 2: parameter values used for the simulations 

Parameter Value Source Description 

𝜋ℎ 0.029 Bhunu et al.(2009) Recruitment rate for 

humans 

𝜋𝑟  0.2 Bhunu et al.(2009) Recruitment rate for 

rodents 

𝛽1 0.00025 Bhunu and mushayabasa 

(2011) 

Rodent contact rate to 

Susceptible human 

𝛽2 0.00006 Assumed Undetected Infected  

Human to Susceptible 

human contact rate 

𝛽3 0.00004 Bhunu and mushayabasa 

(2011) 

Detected Infected  

Human to Susceptible 

human contact rate 

𝛽4 0.027 Bhunu and mushayabasa 

(2011) 

Rodent to Rodent  

Contact rate 

𝛼ℎ 2.0 Estimated Recovery rate 

𝜏ℎ 0.25 Assumed Detection rate  

𝜇ℎ 1.5 Bhunu and mushayabasa 

(2011) 

Natural death of human 

𝜇𝑟 0.002 Bhunu and mushayabasa 

(2011) 

Natural death of rodents 

𝛿ℎ 0.2 Assumed Disease induced death rate 

for humans 

𝜅ℎ 
𝜔ℎ 

 

2.0 

0.3 

 

Estimated 

Assumed 

 

Progression rate Fraction 

of progression to infected 

detected 

 

Table 3: Number of cumulative confirmed mpox cases and deaths reported to WHO, by WHO Region, from 1 

January 2022 through 30 November 2023. Culled from WHO 2023 

WHO Region Total confirmed cases Total 

Death 

Cases in last 

Months 

Monthly change 

in cases (%) 

Region of the Americas  60 400 136 308  +110 

European Region 26 654 7 259 +58 

Western Pacific Region  2 760 3 172 -15 

African Region 2126 22 58 -1.7 

South-East Asia Region 748 2 109 -25.0 

Eastern Mediterranean 

Region  

95 1 0 - 

Total  92 783 171 906 +25.7 

 

Where the forces of infection induced by infectious rodent, infected undetected and detected infectious humans are 

given below respectively by𝜆ℎ =
(𝛽1𝐼𝑟+𝛽2𝐼ℎ𝑢+𝛽3𝐼ℎ𝑑)

𝑁ℎ
, 𝜆𝑟 =

𝛽4𝐼𝑟𝑆𝑟

𝑁ℎ
 

The total human populations with respect to time are given by: 

𝑁ℎ(𝑡) = 𝑆ℎ(𝑡) + 𝐸ℎ(𝑡) + 𝐼ℎ𝑢(𝑡) + 𝐼ℎ𝑑(𝑡) + 𝑅ℎ(𝑡)       (3) 

The total rodent populations with respect time are given by: 

𝑁𝑟(𝑡) = 𝑆𝑟(𝑡) + 𝐼𝑟(𝑡)          (4) 

All subject to the following nonnegative initial conditions: 

𝑆ℎ(0) = 𝑆ℎ
0, 𝐸ℎ(0) = 𝐸ℎ

0, 𝐼ℎ𝑢(0) = 𝐼ℎ𝑢
0 , 𝐼ℎ𝑑(0) = 𝐼ℎ𝑑

0 , 𝑅ℎ(0) = 𝑅ℎ
0, 𝑆𝑟(0) = 𝑆𝑟

0, 𝐼𝑟(0) = 𝐼𝑟
0 

And 𝑁(0) = 𝑁0 

The derivative of (2) is given by: 
𝑑𝑁ℎ

𝑑𝑡
=

𝑑𝑆ℎ

𝑑𝑡
+

𝑑𝐸ℎ

𝑑𝑡
+

𝑑𝐼ℎ𝑢

𝑑𝑡
+

𝑑𝐼ℎ𝑑

𝑑𝑡
+

𝑑𝑅ℎ

𝑑𝑡
        

 (5) 

Putting (1) into (5) gives 
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𝑑𝑁ℎ

𝑑𝑡
= 𝜋ℎ − (𝐼ℎ𝑢 + 𝐼ℎ𝑑)𝛿 − 𝜇ℎ𝑁ℎ         (6) 

Also, the derivative of (4) is given by 
𝑑𝑁𝑟

𝑑𝑡
=

𝑑𝑆𝑟

𝑑𝑡
+

𝑑𝐼𝑟

𝑑𝑡
           (7) 

Putting (1) into (7) gives; 
𝑑𝑁𝑟

𝑑𝑡
= 𝜋𝑟 − 𝜇𝑟𝑁𝑟            (8) 

Positivity of Solutions 

For the model of Monkeypox to be epidemiologically meaningful and mathematically well posed, it is necessary to 

prove that all state variables are non-negative for all 𝑡 > 0. 
Theorem 1 

Let: 

𝑆ℎ(0) ≥ 0, 𝐸ℎ(0) ≥ 0, 𝐼ℎ𝑢(0) ≥ 0, 𝐼ℎ𝑑(0) ≥ 0, 𝑅ℎ(0) ≥ 0, 𝑆𝑟(0) ≥ 0, 𝐼𝑟(0) ≥ 0} ∈ 𝛤
   (9)  

Then, the solution:
 

{𝑆ℎ(𝑡), 𝐸ℎ(𝑡), 𝐼ℎ𝑢(𝑡), 𝐼ℎ𝑑(𝑡), 𝑅ℎ(𝑡), 𝑆𝑟(𝑡), 𝐼𝑟(𝑡)} of the model system equation (1) are positive ∀𝑡 ≥ 0. 
Proof: 
𝑑𝑁ℎ

𝑑𝑡
≤ 𝜋ℎ − 𝜇ℎ𝑁ℎ          (10)  

 Since (𝐼ℎ𝑢 = 𝐼ℎ𝑑 = 0) 

Rearrangement of (10), gives; 
𝑑𝑁ℎ

𝑑𝑡
+ 𝜇ℎ𝑁ℎ ≤ 𝜋ℎ          (11) 

From which it follows that: 

I.F.=ℓ∫𝜇ℎ𝑑𝑡 = ℓ𝜇ℎ𝑡 

Multiplying (11) by the Integrating factor on both sides will give: 

ℓ𝜇ℎ𝑡 𝑑𝑁ℎ

𝑑𝑡
+ 𝜇ℎ𝑁ℎℓ

𝜇ℎ𝑡 ≤ 𝜋ℎℓ𝜇ℎ𝑡

         (12)

 

It then follows that: 
𝑑

𝑑𝑡
(𝜇ℎ𝑁ℎℓ

𝜇ℎ𝑡) ≤ 𝜋ℎℓ
𝜇ℎ𝑡 

Integrating on both sides gives:  

𝑁ℎ(𝑡)ℓ
𝜇ℎ𝑡 ≤

𝜋ℎ

𝜇ℎ
ℓ𝜇ℎ𝑡 + 𝐶Where C is a constant of the integration, it follows that: 

𝑁ℎ(𝑡) ≤
𝜋ℎ

𝜇ℎ
+ 𝐶ℓ−𝜇ℎ𝑡          (13) 

Applying the initial condition that, when 𝑡 = 0, 𝑁ℎ(0) = 𝑁ℎ
0

, 
we have: 

𝑁ℎ
0 −

𝜋ℎ

𝜇ℎ
≤ 𝐶           (14) 

Putting (14) into (13), gives; 

𝑁ℎ(𝑡) ≤
𝜋ℎ

𝜇ℎ
+ (𝑁ℎ

0 −
𝜋ℎ

𝜇ℎ
) ℓ−𝜇ℎ𝑡         (15) 

0 ≤ 𝑁ℎ(𝑡) ≤
𝜋ℎ

𝜇ℎ
as𝑡 → ∞ 

Therefore, Monkeypox model formulated is mathematically and epidemiologically well posed. 

Stability of the Disease Free Equilibrium (DFE) 

Disease-free equilibrium 

For critical points, we set: 
𝑑𝑆ℎ

𝑑𝑡
=

𝑑𝐸ℎ

𝑑𝑡
=

𝑑𝐼ℎ𝑢

𝑑𝑡
=

𝑑𝐼ℎ𝑑

𝑑𝑡
=

𝑑𝑅ℎ

𝑑𝑡
=

𝑑𝑆𝑟

𝑑𝑡
=

𝑑𝐼𝑟

𝑑𝑡
=0      (16) 

  

At this free equilibrium, it is assumed that there is no infection, and then we set  

So 𝐸ℎ = 𝐼ℎ𝑢 = 𝐼ℎ𝑑 = 𝑅ℎ = 𝐼𝑟 = 0 

𝜀0 = (𝑆ℎ, 𝐸ℎ , 𝐼ℎ𝑢 , 𝐼ℎ𝑑 , ⥂⥂ 𝑅ℎ, 𝑆𝑟 , 𝐼𝑟) = (
𝜋ℎ

𝜇ℎ

, 0,0,0,0,
𝜋𝑟

𝜇𝑟

, 0)

 

Disease free equilibrium is: 

𝜀0 = (
𝜋ℎ

𝜇ℎ

, 0,0,0,0,
𝜃𝑟

𝜇𝑟

, 0) 

Endemic equilibrium 
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Let 𝜀1 = (𝑆ℎ
∗, 𝐸ℎ

∗, 𝐼ℎ𝑢
∗, 𝐼ℎ𝑑

∗, 𝑅ℎ
∗, 𝑆𝑟

∗, 𝐼𝑟
∗) represents any arbitrary endemic equilibrium of the model equation. 

Solving the equations of the system at the steady-state goes thus: 

𝑆ℎ
∗ =

𝜋ℎ

𝜆∗
ℎ+𝜇ℎ

           (17)

 

 

𝐸ℎ
∗ =

𝜆∗
ℎ𝑆ℎ

∗

𝐾1
=

𝜋ℎ𝜆∗
ℎ

(𝜆∗
ℎ+𝜇ℎ)𝐾1

          (18)

 

 

𝐼ℎ𝑢
∗ =

(1−𝜔ℎ)𝜅ℎ𝐸ℎ
∗

𝐾2
=

𝜋ℎ𝜆∗
ℎ

(𝜆∗
ℎ+𝜇ℎ)𝐾1

{
(1−𝜔ℎ)𝜅ℎ

𝐾2
} =

(1−𝜔ℎ)𝜅ℎ𝜆ℎ
∗ 𝜋ℎ

𝐾1𝐾2(𝜆∗
ℎ+𝜇ℎ)

      

 (19)

 

 

𝐼ℎ𝑑
∗ =

𝜔ℎ𝜅ℎ𝐸
∗
ℎ + 𝜏ℎ𝐼ℎ𝑢

∗

𝐾3

=
𝜋ℎ𝜆∗

ℎ𝜔ℎ𝜅ℎ

(𝜆∗
ℎ + 𝜇ℎ)𝐾1𝐾3

+
(1 − 𝜔ℎ)𝜅ℎ𝜋ℎ𝜆∗

ℎ𝜏ℎ

(𝜆∗
ℎ + 𝜇ℎ)𝐾1𝐾3𝐾2

 

=
𝜋ℎ𝜆∗

ℎ𝜔ℎ𝜅ℎ𝐾2 + 𝜅ℎ𝜋ℎ𝜆∗
ℎ𝜏ℎ − 𝜔ℎ𝜅ℎ𝜋ℎ𝜆∗

ℎ𝜏ℎ

(𝜆∗
ℎ + 𝜇ℎ)𝐾1𝐾2𝐾3

 

. 

=
𝜆∗

ℎ𝜅ℎ𝜋ℎ(𝜏ℎ+𝜇ℎ𝜔ℎ+𝜔ℎ𝛿ℎ)

(𝜆∗
ℎ+𝜇ℎ)𝐾1𝐾2𝐾3

          (20) 

𝑅ℎ
∗ =

𝛼ℎ𝐼ℎ𝑑
∗

𝜇ℎ
=

𝜆∗
ℎ𝜅ℎ𝜋ℎ𝛼ℎ(𝜏ℎ+𝜇ℎ𝜔ℎ+𝜔ℎ𝛿ℎ)

(𝜆∗
ℎ+𝜇ℎ)𝜇ℎ𝐾1𝐾2𝐾3

        

 (21) 

𝑆𝑟
∗ =

𝜋𝑟

𝜆∗
𝑟+𝜇𝑟

           (22) 

𝐼𝑟
∗ =

𝜆∗
𝑟𝑆𝑟

∗

𝜇𝑟
=

𝜋𝑟𝜆∗
𝑟

(𝜆∗
𝑟+𝜇𝑟)𝜇𝑟

          (23) 

The endemic equilibrium points are equations (17)-(23) above. 

 

Basic Reproduction Number 

The basic reproduction number of the model (1) is calculated by using the next generation matrix (Olopade et al., 

2022; 2024; Akinola et al., 2021). Using this approach, we have: 

𝐹𝑖 = (

𝐹1
𝐹2
𝐹3
𝐹4

) = (

𝜆ℎ𝑆ℎ

0
0
𝜆𝑟𝑆𝑟

)

         (24)

 𝑉𝑖 = (

𝑉1
𝑉2
𝑉3
𝑉4

) = (

−(𝜅ℎ + 𝜇ℎ)𝐸ℎ

(1 − 𝜔ℎ)𝜅ℎ𝐸ℎ − (𝜏ℎ + 𝜇ℎ + 𝛿ℎ)𝐼ℎ𝑢

𝜔ℎ𝜅ℎ𝐸ℎ + 𝜏ℎ𝐼ℎ𝑢 − (𝛼ℎ + 𝜇ℎ + 𝛿ℎ)𝐼ℎ𝑑

−𝜇𝑟𝐼𝑟

)      (25)

 

 

After taking partial derivatives F and V, we have: 






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
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

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


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        (27)

  

The reproduction number is the dominant eigen-value of𝐹 × 𝑉−1. Thus, 

𝑅𝑀𝑃 =
(((𝐾2−𝜏ℎ)𝛽3−𝛽2𝐾3)𝜔ℎ+𝛽2𝐾3+𝛽3𝜏ℎ)𝜏ℎ

𝐾3𝐾2𝐾1
        (28)

  

 

 

Local Stability of Disease-Free Equilibrium (DFE) 
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Theorem 2: The disease-free equilibrium of the system (2) is locally asymptotically stable (LAS) if 𝑅0 < 1 and 

unstable if𝑅0 > 1. 

Proof: Thus, the theorem implies that the disease can be eliminated from the community. Now to   determine the local 

stability of 𝐸0, the following Jacobian matrix is computed corresponding to equilibrium point 𝐸0. Considering the 

stability of the disease-free equilibrium at the critical point (0,0,0,0,0,0,0) of equation (2), we have: 





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





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
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000000

000000
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       (29) 

Then the characteristic equations are obtained as, |𝐽𝑀𝑃 − 𝜆𝐼| = 0 (where I is 7*7 identity matrix). 

Where: 





























=

















000000

000000

000000

000000

000000

000000

000000

I

    (30) 

Hence,|𝐽𝑀𝑃 − 𝜆𝐼| = 0 implies that 

Hence, the corresponding eigenvalues of equation are: 

𝜆1 = −𝜇, 𝜆2 = −𝐾1, 𝜆3 = −𝐾2, 𝜆4 = −𝐾3, 𝜆5 = −𝜇ℎ, 𝜆6 = −𝜇𝑟 , and𝜆7 = −𝜇𝑟 

Since all the real roots are negative, real and distinct. Hence, disease-free equilibrium of the model (2) is locally 

asymptotically stable (LAS). 

 

Global Asymptotic Stability of the Disease-Free Equilibrium (GASDFE) 

We adopt the method used by Castillo-Chavez & Song. (2004) for the investigation of the global asymptotic stability 

of the disease free equilibrium of the model.  The two conditions stated in the method presented by Castillo-Chavez 

& Song. (2004) must be met for the disease free equilibrium to be globally asymptotically stable. 

The system of the equations of the equations of the model (2) can be written in the form 
𝑑𝑀

𝑑𝑡
= 𝐹(𝑀, 𝐼)    (31) 

and 
𝑑𝑀

𝑑𝑡
= 𝐺(𝑀, 𝐼)    (32) 

With𝐺(𝑀, 0) = 0, where 𝑀 ∈ 𝑅3represents the uninfected classes (𝑆ℎ , ⥂⥂ 𝑅ℎ, ⥂⥂ 𝑆𝑟) and 𝐼 ∈ 𝑅4 represents the 

infected classes (𝐸ℎ , ⥂⥂⥂⥂ 𝐼ℎ𝑢 , ⥂ 𝐼ℎ𝑑 , ⥂ 𝐼𝑟) 
Also, 𝐸0 = 𝐹(𝑀∗, 0) denotes the disease free equilibrium of the model. 

Then, the two conditions (𝐻1) and (𝐻2) below must be satisfied for the model to be globally asymptotically stable; 

),0,(:)1( MF
dt

dM
H = 𝑀∗Globally asymptotically stable 

(𝐻2): 𝐺(𝑀, 𝐼) = 𝐵𝐼 − 𝐺
∧

(𝑀, 𝐼), 𝐺
∧

(𝑀, 𝐼) ≥ 0for(𝑀, 𝐼) ∈ 𝛺. Where 𝐵 = 𝐷, 𝐺(𝑀∗, 0) is an M-matrix (The off diagonal 

elements of B are non-negative) and 𝛺is the region where the model is biologically meaningful. If (𝐻1) and (𝐻2) are 

satisfied, then the following theorem holds. 

 

Theorem 3; The disease free equilibrium 𝐸0 = (𝑀∗, 0) is globally asymptotically stable if 𝑅0 ≺ 1and that the 

condition (𝐻1) and (𝐻2) are satisfied. 

Proof: Note that 𝑀 = (𝑆ℎ , ⥂⥂ 𝑅ℎ, ⥂⥂ 𝑆𝑟) and 𝐼 = (𝐸ℎ , ⥂⥂⥂⥂ 𝐼ℎ𝑎 , ⥂ 𝐼ℎ𝑠 , ⥂ 𝑅ℎ, ⥂⥂ 𝐼𝑟) 
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𝐹(𝑀, 0) = ( 
𝜋ℎ − 𝜇ℎ𝑆ℎ

     0
     0

)         (33) 

an
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    (35)
 

Since0 ≤ 𝑆ℎ ≤ 𝑁ℎ and 0 ≤ 𝑆𝑟 ≤ 𝑁𝑟it is clearly seen that 𝐺
∧

(𝑀, 𝐼) Also, 𝑀∗ = (
𝜋

𝜇ℎ
, 0)is globally asymptotically stable 

equilibrium of 
𝑑𝑀

𝑑𝑡
= 𝐹(𝑀, 0). Therefore, the disease free equilibrium is globally asymptotically stable when 𝑅0 < 1.

 
 

Theorem 4: Let 𝜀 ∗ be the unique positive equilibrium point of the system (1), If𝑅0 > 1, then endemic equilibrium 

𝜀 ∗ of the system (1) is globally asymptotically stable.  

Proof: Using theorem 5 and 6, consider; 

 

Theorem 5: (Dulac’s Criterion)  

Consider the following general nonlinear autonomous system  

𝑥(𝑡) = 𝑓(𝑥), 𝑥 ∈ 𝐸          (36) 

Let 𝑓 = 𝐶𝐼(𝐸) where E is a simple connected region in𝑅𝑛. If there exists a function 𝐻 ∈ 𝐶𝐼(𝐸) such that 𝛻. (𝐻. 𝑓) is 

not identically zero and does not change sign in E, the system (36) has no close orbit lying entirely in E. if A is 

anannular region contained in E on which 𝛻. (𝐻. 𝑓)  does not change sign, then there is at most one limit cycle of 

thesystem (36) in A.  

 

Theorem 6: (The Poincare-Bendixson Theorem): Suppose that 𝑓 ∈ 𝐶𝐼(𝐸) 

Where E is an open subset of 𝑅𝑛and that the system (36) has a trajectory 𝛤 contained in a compact subset 𝑓of E. 

Assume that the system (36) has only one unique equilibrium point 𝑥0in 𝑓, then one of the following possibilities 

holds. 

(1) 𝑤(𝛤) is the equilibrium point x 

(2) 𝑤(𝛤) is a periodic orbit 

(3) 𝑤(𝛤) is a graphic  

𝐻(𝑆ℎ, 𝐸ℎ , 𝐼ℎ𝑢 , 𝐼ℎ𝑑 , 𝑅ℎ, 𝑆𝑟 , 𝐼𝑟) =
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
, 𝑆ℎ > 0, 𝐸ℎ > 0, 𝐼ℎ𝑢 > 0, 𝐼ℎ𝑑 > 0, 𝑅ℎ > 0, 𝑆𝑟 > 0, and𝐼𝑟 > 0, 

Then, 

𝛻. (𝐻. 𝑓) = 
𝜕

𝜕𝑆ℎ
(𝐻. 𝑓1) +

𝜕

𝜕𝐸ℎ
(𝐻. 𝑓2) +

𝜕

𝜕𝐼ℎ𝑢
(𝐻. 𝑓3)

𝜕

𝜕𝐼ℎ𝑑
+ (𝐻. 𝑓4) +

𝜕

𝜕𝑅ℎ
(𝐻. 𝑓5) +

𝜕

𝜕𝑆𝑟
(𝐻. 𝑓6) +

𝜕

𝜕𝐼𝑟
(𝐻. 𝑓6)

  

(37) 

𝜕

𝜕𝑆ℎ

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(𝜋ℎ − 𝜆ℎ𝑆ℎ − 𝜇ℎ𝑆ℎ)] +

𝜕

𝜕𝐸ℎ

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(𝜆ℎ𝑆ℎ − (𝜅ℎ + 𝜇ℎ)𝐸ℎ)] 

+
𝜕

𝜕𝐼ℎ𝑢

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(
(1 − 𝜔ℎ)𝜅ℎ𝐸ℎ

−(𝜏ℎ + 𝜇ℎ + 𝛿ℎ)𝐼ℎ𝑢
)] +

𝜕

𝜕𝐼ℎ𝑑

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(
𝜔ℎ𝜅ℎ𝐸ℎ + 𝜏ℎ𝐼ℎ𝑢

−(𝛼ℎ + 𝜇ℎ + 𝛿ℎ)𝐼ℎ𝑑
)] 

+
𝜕

𝜕𝑅ℎ

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(𝛼ℎ𝐼ℎ𝑑 − 𝜇ℎ𝑅ℎ)] +

𝜕

𝜕𝑆𝑟

[
1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(𝜋𝑟 − 𝜆𝑟𝑆𝑟 − 𝜇𝑟𝑆𝑟)] 

+
𝜕

𝜕𝐼𝑟
[

1

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
(𝜆𝑟𝑆𝑟 − 𝜇𝑟𝐼𝑟)] 
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= −
𝜋ℎ

(𝑆ℎ)2𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
−

𝜆ℎ

(𝐸ℎ)2𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
−

(1 − 𝜔ℎ)𝜅ℎ

𝑆ℎ(𝐼ℎ𝑢)2𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
−

𝜔ℎ𝜅ℎ

𝑆ℎ𝐼ℎ𝑢(𝐼ℎ𝑑)2𝑅ℎ𝑆𝑟𝐼𝑟
 

−
𝜏ℎ

𝑆ℎ𝐸ℎ(𝐼ℎ𝑑)2𝑅ℎ𝑆𝑟𝐼𝑟
−

𝛼ℎ

𝑆ℎ𝐸ℎ𝐼ℎ𝑢(𝑅ℎ)2𝑆𝑟𝐼𝑟
−

𝜋𝑟

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ(𝑆𝑟)2𝐼𝑟
−

𝜆𝑟

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ(𝐼𝑟)2
       

(38) 

= −

[
 
 
 
 

𝜋ℎ

(𝑆ℎ)2𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
+

𝜆ℎ

(𝐸ℎ)2𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟
+

(1−𝜔ℎ)𝜅ℎ

𝑆ℎ(𝐼ℎ𝑢)2𝐼ℎ𝑑𝑅ℎ𝑆𝑟𝐼𝑟

+
𝜔ℎ𝜅ℎ

𝑆ℎ𝐼ℎ𝑢(𝐼ℎ𝑑)2𝑅ℎ𝑆𝑟𝐼𝑟
+

𝜏ℎ

𝑆ℎ𝐸ℎ(𝐼ℎ𝑑)2𝑅ℎ𝑆𝑟𝐼𝑟
+

𝛼ℎ

𝑆ℎ𝐸ℎ𝐼ℎ𝑢(𝑅ℎ)2𝑆𝑟𝐼𝑟

+
𝜋𝑟

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ(𝑆𝑟)2𝐼𝑟
+

𝜆𝑟

𝑆ℎ𝐸ℎ𝐼ℎ𝑢𝐼ℎ𝑑𝑅ℎ(𝐼𝑟)2 ]
 
 
 
 

< 0

     

(39) 

Consequently, as per Dulac's criterion, a closed orbit exists in the first quadrant, implying that the endemic equilibrium 

is globally asymptotically stable. 

 

Sensitivity Analysis 

Since the basic reproduction number (𝑅0) is crucial for predicting disease progression, a sensitivity analysis is 

conducted to ascertain which model parameters predominantly influence(𝑅0). The sensitivity index is calculated using 

the following formula, 

𝑋𝑃
𝑅0 =

𝑑𝜔

𝑑𝑃
×

𝑃

𝑅0
           (40)  

A negative sensitivity index indicates an inverse relationship between the parameter and(𝑅0). Conversely, a positive 

sensitivity index suggests that (𝑅0) increases as the relevant parameter rises. The sensitivity index of (𝑅0) with respect 

to each parameter is calculated using the data in Table 2. The estimated sensitivity indices for (𝑅0)  are presented in 

Table 4. From Table 4, it is evident that an increase in the values of parameters such as alpha, beta, gamma, delta, and 

epsilon results in a decrease in the value of
 
(𝑅0) i. Conversely, an increase in the values of parameters theta and mu 

leads to an increase in monkeypox cases. 

 

Table 4: Sensitivity Index of Parameters 

Parameter SensitivityValue Sign 

𝛽2 1.000000 + 

𝛽3 1.000000 + 

𝛼ℎ -0.575446 - 

𝜏ℎ -0.875647 - 

𝜇ℎ -0.678791 - 

𝛿ℎ -0.543674 - 

𝜅ℎ 
𝜔ℎ 

0.736363 

0.613456  

+ 

+ 

 

 
Figure 2: Sensitivity Chart of Monkeypox Model 
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Numerical Simulation 

 
Figure 3: The total population of 𝑆ℎ, 𝐸ℎ , 𝐼ℎ𝑢 , 𝐼ℎ𝑑 , 𝑅ℎ, 𝑆𝑟&𝐼𝑟  when 𝜏ℎ = 0.0 

 

Figure 4: The total population of  when 𝜏ℎ = 0.25 rrhhdhuhh ISRIIES &,,,,,



Analyzing Global Stability of M-Pox…  Olopade et al. JOBASR2024 2(1): 61-76 

Journal of Basics and Applied Sciences Research  Volume 2(1) 71 

 

Figure 5: The total population of  when 𝜏ℎ = 0.4 

 

Figure 6: The total population of  when 𝜏ℎ = 0.7 

rrhhdhuhh ISRIIES &,,,,,

rrhhdhuhh ISRIIES &,,,,,
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Figure 7: The total population of  when 𝜏ℎ = 1 

 
Figure 8: The Susceptible population with different values of 𝛽2 

rrhhdhuhh ISRIIES &,,,,,
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Figure 9: The Susceptible population with different values of 𝛽3 

 

RESULTS AND DISCUSSION 

We present and thoroughly analyze a deterministic model 

consisting of seven nonlinear differential equations for 

monkeypox, incorporating the detection of undetected 

infected humans. The positivity of the solution 

demonstrates that the model is both mathematically and 

epidemiologically well-defined. We examine the 

existence of disease-free and endemic equilibrium points, 

with the basic reproduction number (R0) serving as a 

crucial determinant of the disease's dynamics. 

Specifically, R0, representing the average number of new 

secondary infections generated by a single infected 

human during their infectious period, dictates whether 

monkeypox will diminish (i.e., when R0 < 1) or 

proliferate (i.e., when R0 > 1). We delve into the global 

stability analysis of both disease-free and endemic 

equilibria. Furthermore, we conduct numerical 

simulations for sensitivity analysis using MAPLE 18 

software. This allows us to identify the parameters that 

significantly influence the spread of monkeypox among 

humans and assess how early detection measures could 

serve as effective control strategies to prevent the 

endemic transmission of monkeypox within human 

populations. 

From January 1, 2022, to November 30, 2023, the World 

Health Organization (WHO) received reports of 92,783 

laboratory-confirmed cases of mpox, accompanied by 

171 deaths, spanning across 116 

countries/territories/areas globally. These cases were 

distributed across all six WHO Regions, as outlined in 

Table 3. During November 2023, an additional 906 new 

cases were reported, indicating a notable 26% increase 

compared to the preceding month. Notably, the majority 

of these cases were concentrated in the Region of the 

Americas (34%) and the European Region (29%). This 

surge underscores the ongoing challenge posed by Mpox 

and highlights the importance of continued surveillance 

and response efforts across affected regions to mitigate its 

impact on public health.The data underscores the urgency 

for coordinated international action to combat the spread 

of mpox and underscores the need for enhanced 

surveillance, prevention, and control measures to curb its 

transmission and minimize its adverse effects on global 

health. 

Figures 3-7 serve as indispensable tools for understanding 

the pivotal role of the detection rate in shaping the 

dynamics of mpox disease outbreaks. These graphs offer 

a nuanced exploration of the intricate relationship 

between detection efforts and the prevalence of infected 

but undetected individuals within a population. While the 

concept of detection rate may appear straightforward at 

first glance, these figures unveil the multifaceted impact 

it has on the trajectory of Mpox outbreaks and the 

effectiveness of interventions designed to mitigate its 

spread.Indeed, the implications of these findings extend 

far beyond mere statistical correlations. They underscore 

the indispensable role of timely detection in disrupting 

chains of transmission and curtailing the spread of mpox 

within communities. Through meticulous analysis of the 

data presented in these figures, we gain a deeper 

appreciation for the profound impact that detection efforts 

can have on the course of mpox outbreaks and the overall 

effectiveness of public health interventions. 
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The relationship between the detection rate and the 

prevalence of infectious persons who have not yet been 

detected in cases of monkeypox is depicted in Figure 3. It 

draws attention to a worrying pattern in which the 

prevalence of cases that go undiagnosed rises 

dramatically when the detection rate drops to zero (0). 

The graph shows a rapid increase in the population's 

number of infected persons who are not yet detected as 

infectious when the detection rate is zero (0). This 

situation highlights the dire repercussions of weak or 

nonexistent detection attempts. The virus can spread 

quickly across the population in the absence of effective 

methods for detecting and isolating affected people, 

creating a huge pool of undiagnosed cases.Figure 4 

demonstrates the impact of a detection rate of 0.25 on 

reducing the prevalence of infected undetected infectious 

individuals in mpox disease dynamics. Initially, the graph 

shows a high prevalence of undetected infected 

individuals, with a count of 39,000. However, as the 

detection rate improves to 0.25, there is a noticeable 

decline in this number over time, gradually reducing to 

26,000. This reduction underscores the effectiveness of 

enhanced detection efforts in identifying and curtails 

mpox cases, thus curbing further transmission and 

mitigating the spread of the disease. 

The effect of a detection rate of 0.4 on reducing the 

proportion of infectious persons who are infected but 

have not been detected is seen in Figure 5 for the 

dynamics of the mpox illness. First, the graph shows a 

significant number of undiagnosed sick people, which is 

26,000 in total. This number does, however, show a 

noticeable downward trend over time as the detection rate 

improves to 0.4, eventually falling to 24,000. This decline 

is evidence of how well increased detection measures 

have worked to identify mpox cases.In Figure 6, we 

witness how elevating the detection rate to 0.7 influences 

the decline in the prevalence of undetected infected 

individuals in mpox disease dynamics. At the outset, the 

graph reveals a population of 24,000 undetected infected 

cases. Yet, with the advancement of the detection rate, 

this figure steadily diminishes over time, reaching 

13,000. This downward trend emphasizes the efficacy of 

bolstered detection measures in pinpointing and isolating 

mpox cases, consequently curtailing further transmission 

and containing the disease's spread. 

Figure 7 demonstrates the significant impact of increasing 

the detection rate to 1 on reducing the prevalence of 

undetected infected individuals in mpox disease 

dynamics. Initially, the graph depicts a population of 

13,000 undetected infected cases. However, as the 

detection rate rises, this number steadily decreases over 

time, ultimately reaching 6,000. This decline underscores 

the effectiveness of improved detection measures in 

identifying and treating mpox cases, thereby limiting 

further transmission and containing the spread of the 

disease. Overall, Figure 7 underscores the crucial role of 

enhanced detection rates in managing mpox outbreaks 

and protecting public health. Figure 8 illustrates the 

impact of the effective contact rate of undetected infected 

individuals with mpox on the susceptible population. The 

results indicate that as the effective contact rate increases, 

there is a corresponding decrease in the susceptible 

population. This trend suggests that higher levels of 

effective contact between undetected infected individuals 

and the susceptible population lead to a more rapid spread 

of mpox, resulting in a reduction of individuals who 

remain susceptible to the disease. The influence of the 

effective contact rate of individuals with mpox who have 

been detected infected on the vulnerable population is 

illustrated in Figure 9. The vulnerable population declines 

proportionately with an increase in the effective contact 

rate. This implies that more interaction between the 

susceptible population and those who have been found to 

be sick speeds up the spread of mpox, hence decreasing 

the number of susceptible people. The figure highlights 

the necessity of controlling effective contact rates in order 

to prevent the spread of mpox and safeguard the 

vulnerable population. 

 

CONCLUSION 

Conclusively, the significance of the detection rate in 

mpox disease dynamics underscores the pivotal role of 

surveillance, early detection, and containment measures 

in controlling outbreaks.  Efforts to enhance case 

detection, reporting, and data collection are imperative 

for gaining a comprehensive understanding of the disease 

burden and implementing targeted interventions to 

mitigate its impact on public health 
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