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ABSTRACT

Recycling of engine oil is a widespread practice in Nigeria, largely driven by
high costs of fresh lubricants and limited availability. While reuse reduces waste
and provides short-term economic relief, the process progressively leads to
viscosity loss, thermal degradation, and the accumulation of contaminants such
as soot, metallic particles, and oxidation byproducts. These changes destabilize
flow characteristics and compromise lubrication efficiency. To investigate this
phenomenon, a mathematical framework based on nonlinear dynamical systems
was developed. The model integrates the incompressible Navier—Stokes
equations with a viscosity degradation law, contaminant transport, and stochastic
forcing to reflect random disturbances from impurities. Thermal effects were
incorporated through an energy equation to simulate harsh operating conditions
typical of tropical climates. Numerical simulations were carried out using a
finite-difference scheme and Euler—Maruyama integration for stochastic terms,
implemented in the Dedalus framework. Results showed that reused oil exhibits
a transition from laminar flow to chaotic regimes through bifurcations,
particularly under high shear stress and elevated temperatures. Lyapunov
exponent analysis confirmed the onset of chaos, while phase portraits revealed
strange attractors characteristic of complex dynamics. An optimization routine
estimated safe reuse limits, predicting maximum operation cycles of ~27 hours
before instability occurs. This study highlights the critical influence of
contaminants and thermal stress in triggering chaotic flow, providing theoretical
guidance for safer and more sustainable lubricant management in resource-
constrained environments.
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INTRODUCTION

especially in Nigeria's difficult operating conditions with

Engine oil reuse is a common practice motivated by
financial constraint, restricted availability of new
lubricants, and insufficient waste management facilities
(Okeniyi et al., 2015). The automotive sector in Nigeria
is a major economic driver that relies majorly on
commercial vehicles, power generators, and small-scale
mechanics, all of which frequently employ reused oil to
reduce operational costs (Afolabi et al., 2018). Although
this method reduces waste and promotes sustainability, it
presents serious problems because of changes in the
qualities of the oil, such as decreased viscosity, thermal
degradation, and the accumulation of impurities including
soot, metal particles, and byproducts of oxidation
(Bhushan, 2013).

These changes can affect lubrication performance,
increasing wear, friction, and the risk of engine failure,

high temperatures and high engine loads (Stachowiak &
Batchelor, 2013).
According to Adebayo and Iweala (2019), one of the
unethical practices in Nigeria's local automotive industry
is the recycling of oil using conventional filtration
techniques, including cloth or simple sieves, which lack
standardized quality control. This presents significant
questions regarding engine longevity and efficiency,
particularly in high-demand applications like generators
and commercial buses that are vital to Nigeria's economy.
Although earlier research has looked at used oil by
measuring its viscosity, chemical makeup, or wear
patterns empirically, these studies usually utilize linear
models that are unable to account for the intricate,
transient flow dynamics under high-shear and thermal
conditions (Rudnick, 2017).
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Degraded viscosity, heat cycling, and stochastic
perturbations from contaminants can all work together to
create nonlinear flow behaviors, such as chaotic regimes
with highly sensitive and unpredictable dynamics (Pope,
2000). A major problem in Nigeria, where economic
pressures encourage prolonged oil reuse, is that such
chaotic flows may damage lubrication films, speeding up
mechanical wear and shortening engine lifespan (Lahr,
2016; Strogatz, 2018, Xu et al., 2023.).

Even though reusing oil is common in Nigeria,
mathematical modeling has not been used to thoroughly
investigate the possibility of chaotic flow patterns in
degraded oil. By creating a novel framework specifically
suited to Nigeria, this study fills this gap by examining
chaotic flow in used engine oil.

To take into consideration the contaminants that are
common in used oil, a system of nonlinear PDEs based
on the Navier-Stokes equations was created. This system
included stochastic forcing and a viscosity degradation
model. Using Lyapunov exponents and bifurcation
analysis, this research aim to characterize the onset of
chaotic flow regimes; quantify the influence of
contaminants, thermal effects, and shear stress on flow
stability; and create an optimization framework to
maximize oil reuse cycles while avoiding chaotic flows
that could affect engine performance. This study applies
chaos theory to a real-world fluid dynamics issue and
offers practical advice for sustainable oil management in
Nigeria's industrial and automotive sectors, striking a
balance between engine reliability and financial
requirements (Bird et al.(1987), Babalola, & lyorzor
(2017)).

MATERIALS AND METHODS

2. Mathematical Model

2.1 Governing Equations

A thin film in a bearing with dimensions
LyxL, =107m x10°m for two-dimensional (2D)
lubrication flow of reused engine oil was modeled. A
two-dimensional model of lubricant flow within a thin
bearing film was developed to simulate the behavior of
reused engine oil, drawing on foundational concepts in
elasto-hydrodynamic lubrication as outlined by Dowson
and Higginson (2014). The incompressible Navier-Stokes
equations govern the velocity field u = (u, v) and pressure
(p) (Ju, Yan, & Sun, 2022):

p (E +(u-v)u) TP (WL T) )

V-u=0
where = 850 m® /kg is the density, *(x, t, T) is the
dynamic viscosity, and f

)
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is the external force. The viscosity is modeled ( Sutcliffe,

(2011)) :
net T=pexp(-ky t-k, THk; C(x,t)) 2

with initial viscosity p, = 0.05 Pa-s, degradation rate ki =
0.01 s%, thermal sensitivity k, = 0.02 K%, and contaminant
influence ks = 0.1 m%kg. The contaminant concentration
C(x, t) evolves according to the advection-diffusion
equation:
—"yC=DV'C
where
D = 10% m?s is the diffusion coefficient.To account for
stochastic effects of contaminants (e.g., soot, metal
particles), the external force includes a deterministic
shear component and random noise:
S ) 4)
where
f=ye.applies a shear force with ratey, andc(x,)is
Gaussian white noise with correlation:
E(X,H)E(X,)=028(x-x")d(t-t') (5)
and noise amplitude o= 0.01 N/m2.Thermal effects are
modeled using the energy equation (Pope, 2000):
P (—T *“'VT) KYV'C +ud (6)
where ¢, = 2000 kg-K is the specific heat, k = 0.15
W/m-K is the thermal conductivity, and u® =(Vu:Vu)is
the viscous dissipation rate ( Cellini, Peterson, & Porfiri,
2017, Chapron et al., 2024).

©)

2.2 Nondimensionalization

To simplify analysis, nondimensionalize  using
characteristic scales was done using the following defined
parameters: length L = 10m, velocity U = 1m/s, and To
= 373K.

_pUL

Reynolds number Re = the ratio of inertial to viscous

0
forces (indicating flow stability Re = 17 for fresh oil,
increasing with viscosity degradation).
Thermal parameter, 0=K,T, , quantifying viscosity’s
sensitivity to temperature, critical in Nigeria’s hot climate
(o= 7.46, scaled to 0.1-1 in simulations).

Stochastic intensity, B=ﬁ, measuring contaminant-

0

induced perturbations relative to viscous forces
(B =0.0002, amplified to 0-0.1 in simulations).

3. Computational Methodology

3.1 Numerical Discretization

The PDEs are discretized on a 2D grid (Nx x Ny = 100)
with grid spacing AX = Lx / Nx and Ay = Ly / Ny, Spatial
derivatives are approximated using a second-order finite
difference scheme:
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Uit jUi-]j Ui j17Ujj-1,
Vu=— e+ 7
2Ax X 2Ay y ( )

and incompressibility is enforced via a pressure-
projection method (Chorin, 1968). The stochastic term
&(x,t) is integrated using an Euler-Maruyama scheme:

where"is a random vector with standard normal
components.

3.2 Simulation Setup

Simulations are implemented in Python using the Dedalus
framework (Burns et al., 2020). The domain has periodic
boundary conditions in the (x)-direction and no-slip
conditions in the (y)-direction. Time integration employs
a fourth-order Runge-Kutta method with an adaptive time
step At = 107 s, satisfying the Courant-Friedrichs-Lewy
(CFL) condition (Wang et al.,2019):

. AX Ax2
At <min ( —_—

[ulmax ’ Hmax (9)
Simulations run from t = 0 to 10°s (scaled time tU/L =
10°). Parameter sweeps explore ye[10?, 10*s?, a. [0.1, 1],
and B€E[0, 0.1]

3.3 Chaos Detection

Chaotic behavior is quantified using the maximum
Lyapunov exponent, computed via the Benettin algorithm
(Benettin et al., 1980, Zeeshan et al.,2024).Phase-space
reconstruction uses delay embedding (t = 10 At, d =3).
Bifurcation diagrams plot Umax against y

3.4 Optimization Framework

Optimization problem to maximize reuse was given as
time tmax subject to A < 0 and Re < 1000, solved using
SciPy’s sequential least-squares programming (SLSQP)
method (Kraft, 1988).

3.5 Computational Resources

Simulations were conducted on a high-performance
computing cluster with 16 CPU cores and 64 GB RAM,
with each run taking approximately 12 hours.
Visualizations, including bifurcation diagrams and phase
portraits, were generated using Matplotlib

RESULTS AND DISCUSSION

4.1 Chaotic Flow Regimes

In Table 1, the numerical Data for bifurcation diagram is
presented for y = 10% s?and a< 0.5, flows are laminar A<
0. At y = 10% s, a Hopf bifurcation leads to chaos via
period-doubling. Figure 1: Bifurcation diagram of
maximum velocity Umax) versus shear rate (y) for o = 0.5,
B = 0.05. The plot shows a stable fixed point for y = 10°
s, periodic behavior at y = 3 x 10% s, and chaotic
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behavior for y > 5 x 10% s, indicating a period-doubling
route to chaos.

Table 1: Numerical Data for Bifurcation Diagram

Shear | Maximum | Flow | Lyapunov | Remarks
Ratey | Velocity | Regime | Exponent
(s umax A
(m/s)
1.0 x 0.85 Laminar -0.12 Stable
103 fixed point
3.0x 1.35 Periodic ~0.00 Hopf
103 bifurcation
onset
5.0 x 2.1 Chaotic 0.08 Period-
103 doubling
observed
6.0 x 2.4 Strongly 0.15 Strange
103 chaotic attractor
confirmed
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Figure 1: Bifurcation diagram of maximum velocity
Umax) versus shear rate (y) for a. = 0.5, p = 0.05
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4.2 Stochastic Effects

Increasing the stochastic noise amplitude p> 0.05 lowers
the critical shear rate for chaos onset, indicating that
contaminants exacerbate flow instability. Figure 2 shows
a phase portrait with a strange attractor in the chaotic
regime, confirming complex dynamics. Figure 2 shows
the phase portrait of velocity components (u) vs. (v) for
vy = 6000s?, o = 0.5, B = 0.1, constructed via delay
embedding. The complex, non-repeating structure
confirms chaotic dynamics.

Table 2: Numerical Data for Phase Portrait (Figure 2)

She | Therm | Noise | Velocit | Velocit | Attra
ar al Inten y y ctor
Rat | Param | sityp | Compo | Compo | Type
ey eter a nentu nentv
(s™) (m/s) (m/s)
6.0 | 05 0.1 215+ 1.90 + Strang
X 0.20 0.18 e
103 attract
or
0.8
0.6
0.4
é

0.2

0.0

-0.2 )‘
00 02 04 06 08 10
u(ms)
Figure 2: phase portrait for the simulated chaotic
velocity system at y = 6000s?, a=0.5, B =0.1

4.3 Optimization Results

The optimization framework predicts a maximum reuse
cycle of tmax =~ 10% s (~27 hours) for A< 0 and Re< 1000.
Higher areduces tmax, reflecting accelerated degradation in
Nigeria’s hot climate.
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4.4 Discussion

This transition is quantitatively summarized in Table 1,
which shows the corresponding shear rates, maximum
velocity values, and Lyapunov exponents used to
characterize flow stability.

The chaotic attractor structure illustrated in Figure 2 is
supported by the numerical values in Table 2, where the
velocity components under y = 6000 s, a = 0.5, and B =
0.1 exhibit non-repeating fluctuations consistent with
strange attractor dynamics.

This study explores how reused engine oil behaves under
intense heat and mechanical stress. These conditions that
arecommon in Nigeria, where access to fresh lubricants is
limited and cost remains a major concern (Adebayo &
Iweala, 2019).

The findings show that as the oil deteriorates through
repeated use, it loses viscosity, undergoes thermal
degradation, and accumulates particles that cause chaotic
flow. This behavior is detected through indicators like
Lyapunov exponents and complex patterns in flow
simulations, particularly when the shear rate exceeds
5,000 per second and the thermal parameter rises above
0.5 (Strogatz, 2018).

When this chaotic flow occurs, it weakens the lubrication
film, leading to more friction and wear in engine parts like
pistons and bearings. This risk is even greater in Nigeria’s
hot climate, where engine temperatures can surpass
150°C (Okeniyi et al., 2015). Contaminants accelerate the
problem, especially at higher concentrations (f > 0.05),
which is a concern given the basic oil filtration methods
often used in local workshops (Adebayo & lweala, 2019).
These patterns echo previous findings in related systems,
such as Lahr’s (2016) work on engine cooling.

The model developed in this study provides useful
guidance for mechanics and fleet managers, estimating
that reused oil can safely last up to 27 hours under
moderate conditions—though that limit decreases with
heat exposure. Technologies like real-time sensors for
temperature and viscosity, or better filtration techniques,
could help extend oil life and reduce engine wear
(Okeniyi et al., 2015).

Although the model simplifies real engine geometry
using a 2D approach, it still captures the key nonlinear
and unpredictable behaviors of degraded oil. Future
improvements could include modeling 3D effects,
considering viscoelastic properties (Bird et al., 1987), or
introducing more complex forms of random disturbance
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(Benettin et al., 1980; Pope, 2000). Overall, this work
demonstrates how chaos theory can be applied to real-
world engine problems and provides a framework for
managing reused oil in resource-limited settings. While
the findings are rooted in Nigeria’s experience, the
approach is broadly applicable and adds to the wider field
of applied mathematics. To increase its practical value,
future studies could combine this model with analysis of
engine wear or heat transfer to offer a more complete
view of performance under reused oil conditions.

CONCLUSION

With specific relevance to Nigeria, where oil reuse is a
widespread practice motivated by financial necessity and
infrastructural constraints, this study offers a novel
mathematical framework for analyzing chaotic flow
behavior in used engine oil. The model provides an
optimization framework for estimating safe reuse cycles
and identifies critical thresholds for chaos onset,
especially at high shear rates and thermal loads, by
utilizing tools from stochastic partial differential
equations and nonlinear dynamics.The findings highlight
the possible dangers of chaotic lubrication regimes, such
as elevated wear, friction, and mechanical instability,
particularly in high-load systems like commercial
vehicles and generators that are common in Nigeria's
tropical climate. These concepts provide a theoretical
framework for directing sustainability initiatives and
maintenance procedures in the power generation and
automotive industries.

The author gratefully acknowledges the support of the
Statistical Laboratory at Lagos State University of
Education, Otto/ljanikin, for providing computational
resources and a conducive environment for data analysis
and model simulation during this research.
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